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Abstract

We extend the Structural Reinforcement Learning (SRL[19]) framework by em-1

ploying a U-Net to efficiently process the full distributional and structural infor-2

mation of a macroeconomic environment, solving in minutes a Heterogeneous-3

Agent Model that features both a non-trivial market-clearing condition and aggre-4

gate uncertainty—a class of macroeconomic models widely regarded as extremely5

challenging to solve. We formally show that our algorithm, DSPG (Distribution-6

based Structural Policy Gradient), obtains global nonlinear solutions without7

numerically relaxing the market-clearing condition or approximating aggregate8

shocks via perturbation. Additional experiments demonstrate that DSPG handles9

not only general-equilibrium but also partial-equilibrium models, and significantly10

outperforms conventional Deep Reinforcement Learning (DRL) baselines, includ-11

ing PPO, SAC, and DDPG. To our knowledge, DSPG is the first algorithm to12

obtain an accurate global solution of the Huggett [8] economy. Our results also13

confirm the validity of the SPG[19] algorithm under its dimensionality reduction14

and condition relaxation, whose solutions closely match ours. In the equilibrium,15

the simulation reproduces a negative relationship between interest rates and TFP16

shocks, capturing the general-equilibrium tension in a small open economy with-17

out domestic production, where aggregate shocks are absorbed entirely through18

interest-rate adjustments that clear the bond market by reconciling the competing19

responses of heterogeneous agents. Code is available at GitHub1.20

1 Introduction21

Modern macroeconomists use heterogeneous-agent models to study important problems such as22

inequality, business cycles, and optimal policy2. However, as models become more complex, the23

difficulty of solving them increases substantially. Two features that are computationally challenging24

are aggregate uncertainty and non-trivial market clearing. Huggett [8] was the first to incorporate25

a non-trivial market-clearing condition into a heterogeneous-agent model and solved it using binary26

search. Krusell and Smith [10] introduced aggregate risk into an Aiyagari [1]-style model and pro-27

posed a numerical solution. However, each of these seminal models incorporates only one of the two28

challenging features. Economists have long found it difficult to solve models that combine aggregate29

uncertainty with non-trivial market clearing. As Moll [12] observes, this technical bottleneck has30

constrained the development of macroeconomic research; the natural aspiration is that researchers31

should be able to specify rich, complex models without being blocked by computational solvability.32

1The entire codebase is written in JAX, natively supporting GPU-accelerated parallel computation.
2Heterogeneous-agent models are also used to study housing, health, the environment, and many other topics. See Sargent

et al. [14], Huggett [8], Aiyagari [1], Krusell and Smith [10], Kaplan et al. [9], Dietz and Venmans [4], Sun [17].
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Figure 1: A general framework for reinforcement learning in macroeconomics. Conventional DRL
assumes that the structural information of the environment is unknown, which facilitates general-
ization across diverse scenarios; in contrast, SRL exploits structural economic information in the
HAM environment and improves solution efficiency by constructing a differentiable environment.
The differences among SRL-style methods are as follows: (1) SPG uses a low-dimensional state
space to simplify the problem; (2) RSPG augments the state with price history to strengthen the
agent’s decision-making capacity; (3) DSPG uses the full distribution as the state representation for
transition dynamics, preserving both computational efficiency and mathematical rigor.

Recently, several groups have sought to tackle complex heterogeneous-agent models. Han et al. [7]33

solved the Krusell and Smith [10] model within an hour using deep neural networks and agent-based34

simulation. Auclert et al. [2] solved a complex HANK [9] model with aggregate risk using first-order35

perturbation to handle aggregate uncertainty. Azinovic et al. [3] proposed an equilibrium neural36

network training method that exploits full distribution information to solve heterogeneous-agent37

models. Gabriele et al. [5] applied several classical reinforcement learning algorithms to the Krusell38

and Smith [10] model and compared their performance. Yang et al. [19] relaxed rational expectations39

and proposed Structural Reinforcement Learning (SRL), solving several complex models within40

minutes. SRL is efficient and easy to use; however, the structural policy gradient (SPG) algorithm in41

the original paper relies on simplifying assumptions that shrink the state space and thereby constrain42

agent rationality. This simplification introduces a discrepancy between the model’s theoretical state43

space and the one actually used in computation, which may compromise solution accuracy in models44

with richer dynamics. Wibault et al. [18] propose RSPG (RNN+SPG), which encodes the entire45

price history in the state, to address this issue in the Krusell and Smith [10] setting. Nevertheless,46

it remains an open question whether a model combining non-trivial market clearing with aggregate47

risk can be solved with both full state-space consistency and computational efficiency.48

Therefore, in this paper we propose DSPG, a novel method to solve the Huggett [8] economy with49

aggregate risk. Despite its importance for understanding the interaction between macroeconomic un-50

certainty (i.e. business cycles and TFP shocks) and non-trivial market clearing (supply matching de-51

mand), this class of models remains difficult to solve with existing computational techniques. DSPG52

extends SPG by incorporating the full wealth distribution into the state representation, retaining com-53

putational efficiency while substantially improving equilibrium accuracy. Unlike DEQN [3], which54

also conditions on distribution information but relies on a different training paradigm, DSPG embeds55

the entire distribution in the state space within a differentiable policy-gradient framework, remaining56

computationally tractable. To handle the resulting high-dimensional inputs efficiently, we employ a57

one-dimensional U-Net—first introduced by Ronneberger et al. [13] for image segmentation—to pa-58

rameterize agents’ policy functions. In the Huggett [8] economy where non-trivial market clearing59

and aggregate risk coexist, DSPG recovers the optimal consumption–saving policy within minutes60

and achieves market-clearing errors below 10−7 on a server with a single NVIDIA RTX 3090 GPU.61

Further experiments show that DSPG is consistent with SPG while reducing average market-clearing62

error significantly. To our knowledge, DSPG is the first method to obtain an accurate global non-63
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linear solution to the Huggett [8] economy in the simultaneous presence of aggregate uncertainty64

and non-trivial market clearing. Compared with classical DRL baselines3 on a simplified bench-65

mark environment, DSPG exhibits strong stability and efficiency4. Figure 1 summarizes how DSPG66

relates to existing DRL and SRL algorithms. Together with this paper, we release two benchmark67

models5 for validating reinforcement learning algorithms in this setting. We believe that, owing68

to its efficiency and accuracy, DSPG can serve as an effective computational paradigm for solving69

heterogeneous-agent macroeconomic models.70

2 Preliminaries71

Structural Reinforcement Learning First introduced by Yang et al. [19] and later extended by72

Wibault et al. [18], SRL solves heterogeneous-agent models by combining RL with structural knowl-73

edge of the economic environment. Consider agents with individual state st ∈ S who choose actions74

at ∈ A6 according to a policy πθ(at|st, pt). The agent receives per-period payoff75

Rt = R(st, at, pt, zt),
where zt denotes aggregate shocks and pt equilibrium prices. Individual states evolve according to76

known structural dynamics, usually a budget constraint,77

st+1 = f(st, at, zt, pt),

and agents maximize expected discounted returns778

J(θ) = lim
T→∞

E

[
T∑

t=0

βtR(st, at, pt, zt)

]
.

In heterogeneous-agent models, prices depend on the cross-sectional distribution of agents, which79

makes the environment high-dimensional. SRL addresses this by simulating equilibrium trajectories80

and directly optimizing the policy parameters θ. A key feature of SRL is that the individual transi-81

tion function f(·) is known and differentiable. This makes the environment partially differentiable,82

allowing gradients of J(θ) to be computed by differentiating through the transition dynamics. As a83

result, policy parameters can be optimized using gradient-based methods rather than relying solely84

on likelihood-ratio policy gradients.85

3 A Huggett Economy with Aggregate Uncertainty86

Households There is a continuum of households indexed by i ∈ [0, 1]. Each household earns87

income ztei,t at time t, consisting of an aggregate component zt and an idiosyncratic component88

ei,t, both following Markov processes89

zt+1 ∼ Tz(· | zt) and ei,t+1 ∼ Te(· | ei,t). (1)

The wealth ai,t of household i at time t evolves according to90

ai,t+1 + ci,t = (1 + rt)ai,t + ztei,t, (2)

where ci,t is consumption and rt is the interest rate. Households also face a borrowing constraint91

ai,t ≥ a, (3)

where a ≤ 0. Each household chooses consumption ci,t to maximize lifetime expected utility92

max
ci,t

lim
T→∞

E

[
T∑

t=0

βtu(ci,t)

]
, (4)

subject to (1), (2), and (3), taking as given the interest rate rt.93

3Including PPO [15], SAC [6], and DDPG [16]. A more detailed comparative study of classical DRL methods on the
Krusell and Smith [10] HAM appears in TaxAI [11].

4These gains stem largely from the differentiable environment and the convexity of the optimization problem—features
common to SRL methods. Note that although DSPG, RSPG and SPG differ algorithmically, they are all SRL methods.

5GE and PE versions of the dynamic Huggett [8] economy.
6Here at denotes a generic action variable, not to be confused with asset holdings ai,t defined in Section 3.
7In practice, we set a relatively large T cutoff so that the program can complete running.
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Market We consider a closed economy with exogenous foreign demand for asset in which the94

domestic bond market interacts with an exogenous foreign sector. Each period, the foreign sector95

demands a fixed volume B > 0 of bonds from domestic households8—this can be interpreted as96

external sovereign or institutional borrowing, reflecting a constant foreign appetite for domestic safe97

assets—and repays principal plus interest at the equilibrium rate rt. Here rt is determined by a non-98

trivial market-clearing condition following Huggett [8]: it adjusts until aggregate domestic saving99

absorbs the foreign borrowing requirement,100 ∫ 1

0

ai,t+1 di = B, ∀t ≥ 0. (5)

Domestic households are price-takers with respect to both foreign demand and the interest rate.101

Since B is fixed and exogenous, the equilibrium rt is fully pinned down by the cross-sectional distri-102

bution of domestic wealth—the hallmark of non-trivial market clearing in the Huggett [8] tradition.103

Equilibrium Since the aggregate shock zt renders the cross-sectional distribution non-degenerate104

as a payoff-relevant state, we adopt a recursive formulation. Let µ denote the joint distribution of105

individual states (a, e) across households, so that (z, µ) constitutes the aggregate state. A recursive106

competitive equilibrium consists of household policies c(a, e; z, µ), a′(a, e; z, µ), a pricing func-107

tion r(z, µ), and a law of motion µ′ = H(µ, z, z′) such that: (i) given r(·) and H(·), the policies108

solve the household problem (4) subject to (2), (3), and (1)—equivalently, the value function satis-109

fies the Bellman optimality condition V (a, e; z, µ) = maxa′{u(c) + β E[V (a′, e′; z′, µ′) | e, z]};110

(ii) price r(z, µ) clears the bond market (5); and (iii) H is induced by a′(·) and (1); for measurable111

subsets B, E ′ of the asset and efficiency state spaces, µ′(B × E ′) =
∫
Te(E ′ | e)1{a′(a, e; z, µ) ∈112

B} dµ(a, e), under which the joint process (zt, µt) admits a unique ergodic distribution.9113

What distinguishes this model from the original Huggett [8] economy is the presence of aggregate114

risk zt, which renders the equilibrium interest rate rt time-varying and only approximately Markov10.115

The economy settings ensure that no domestic production side absorbs the aggregate shock; instead,116

rt must adjust endogenously to clear the bond market given the entire cross-sectional distribution,117

which is the central computational challenge.11118

4 Our Method119

4.1 Economic Dynamics Reformulation120

Global solution Since aggregate shock zt affects income level ztei,t through (2), the optimal121

policy of households depends on the cross-sectional distribution and the current aggregate state. In122

general, the optimal policy may depend on the entire history of distributions; however, when the123

aggregate shock zt is Markov and the distribution gt is a sufficient statistic for the cross-sectional124

state, we define the policy as a function of (gt, zt) alone. Since gt lives on a finite grid of dimension125

na × ne, this yields a well-defined (though high-dimensional) state representation126

c∗t = π(gt, zt) where gt =

[
d(a1, e1) · · · d(a1, ene

)
· · · · · ·

d(ana , e1) · · · d(ana , ene)

]
and

na∑
i=1

ne∑
j=1

d(ai, ej) = 1,

(6)
where c∗t denotes the optimal consumption policy evaluated on the full grid (yielding the matrix127

ct ∈ Rna×ne defined in (10)), gt the distribution, d(·) ∈ (0, 1) the density of distribution, a =128

{a1, · · · , ana
} the wealth grid and e = {e1, · · · , ene

} the income grid. See Appendix A.2 for more129

details of discretization. (6) requests distribution gt and aggregate shock zt both in the households’130

state space to get the optimal global solution. Therefore, the decision variable of household is high-131

dimensional which makes the problem hard to solve.132

8Note that this differs from the original Huggett setup where B = 0. This is to make the model definition cleaner;
however, these two setups are entirely equivalent. When a < 0, one can redefine ã = a − a as the distance from the
borrowing constraint, and then the model would revert to our definition.

9Our method targets the policy and pricing functions evaluated along this ergodic measure. In the notation of Section 2,
the individual state is s = (a, e), the action is c, the equilibrium price is p ≡ r, and the per-period payoff is R = u(c).

10In the Krusell and Smith [10] economy, prices are approximately AR(1), since tomorrow’s prices (rt+1, wt+1) can be
predicted accurately from current aggregate capital Kt and aggregate state zt alone; see Appendix B.1 for the model and
Appendix B.2 for the solution method.

11See Appendix A.1 for the model parameters.
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Non-trivial market clearing From (2) and (5), we know that the aggregate saving is133

St(gt, zt, rt) =

∫ 1

0

ai,t+1 di =

∫ 1

0

[(1 + rt)ai,t + ztei,t − ci,t] di = B, (7)

where St is the saving supply curve. To express (7) in vector form, we define the following no-134

tation on the discretized economy: let a ∈ Rna denote the wealth grid vector, gt ∈ Rna×ne135

the distribution matrix, and ct ∈ Rna×ne the consumption policy matrix. We further write136

a � gt ≡
∑na

i=1

∑ne

j=1 ai · d(ai, ej) for the cross-sectional mean of wealth (element-wise multipli-137

cation followed by summation, broadcasting a across income states); ct�gt is defined analogously138

for consumption. We adopt this notation throughout the paper. Then we have139

a� gt+1 = St(gt, zt, rt) = (1 + rt) · a� gt + zt · e− ct � gt = B, (8)

where e is the ergodic mean of idiosyncratic income ei,t and ct is the consumption policy vector140

over distribution. Then, we can directly get the interest rate that clears the market141

1 + rt =
B − zt · e+ ct � gt

a� gt
. (9)

Equation (9) shows that the market-clearing interest rate rt can be obtained in closed form from142

a single formula12. This is possible because the full cross-sectional distribution gt is included in143

the state space: given gt and the policy ct, all aggregate quantities required for market clearing are144

directly computable, so rt is determined without any iterative root-finding or fixed-point loop.145

4.2 Distribution-based Structural Policy Gradient (DSPG)146

U-net policy function From (6), the state space (input) is a distribution of dimension na×ne and147

the policy (output) is the consumption value at each grid point. We parameterize this mapping with148

a 1D U-Net for three reasons: (i) the encoder–decoder structure captures both local interactions149

between neighboring wealth grid points and global distributional features through progressively150

coarser representations; (ii) skip connections preserve fine-grained grid-level information that would151

otherwise be lost in deep networks, which is critical for satisfying the borrowing constraint at spe-152

cific grid points; (iii) the convolutional architecture exploits the ordered structure of the wealth grid,153

sharing parameters across grid points—a fully connected (MLP) network would requireO((nane)
2)154

parameters in its first layer alone, making it computationally prohibitive for high-dimensional grids,155

whereas the U-Net scales linearly in nane. The policy network is thus156

ct = U-net(gt, zt; Θ) =

[
c(a1, e1) · · · c(a1, ene)
· · · · · ·

c(ana , e1) · · · c(ana , ene)

]
, (10)

where Θ is the parameters of the 1D U-net and the detailed structure is in Appendix E.157

Differentiable learning Unlike classical reinforcement learning algorithms, we create a differen-158

tiable environment where agents know the analytical policy gradient of the cumulative utility (4),159

and directly optimize the objective function by using the loss function160

J(Θ) = −
∫ 1

0

E
[ ∞∑
t=0

βtu(ci,t)
]
di ≈ − 1

n

n∑
m=1

T∑
t=0

βt

∫ 1

0

u(ci,t) di, (11)

where the approximation truncates the infinite horizon to T periods and replaces the expectation161

with an empirical average over n sampled trajectories. (11) can also be written in vector form162

J(Θ) ≈ − 1

n

n∑
m=1

T∑
t=0

βt u(ct)� gt, (12)

which is efficient when using JAX and GPU acceleration in practice. Empirically, we observe that163

the loss landscape of (12) behaves as a convex optimization problem: training consistently converges164

12Note that this formula is a price update formula, not a price definition formula. It represents the clearing price for the
current period. Of course, under equilibrium, it is the equilibrium price.
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to the same solution from different random initializations, which is consistent with the concavity of165

u(·) and the linearity of the budget constraint.166

Every step of the DSPG computation graph—U-Net evaluation (10), closed-form market clearing167

(9), the budget-constraint wealth update, and the distributional transition—is a differentiable func-168

tion of its inputs. Conditional on an exogenous shock realization {zt}, reverse-mode automatic169

differentiation therefore yields ∇ΘJ(Θ) exactly, with no score-function (REINFORCE) term (Ap-170

pendix F, Proposition F.3). The only stochasticity in our estimator comes from averaging over n171

independent shock trajectories, so its variance decays at the standard O(1/n) rate (Proposition F.5);172

truncating the horizon at T introduces a bias bounded by MβT+1/(1− β) (equation (36)), which is173

negligible for the horizons used in our experiments.174

Monotonicity-preserving parameterization In consumption-saving models, the optimal con-175

sumption policy is monotonically increasing in wealth. To enforce this structural property and176

prevent the network architecture from producing non-monotone policies, we parameterize the first-177

order difference rather than the level of consumption:178

U-net(gt, zt; Θ) =


c(a1, e1) · · · c(a1, ene

)
δ(a2, e1) · · · δ(a2, ene)

...
. . .

...
δ(ana

, e1) · · · δ(ana
, ene

)

 and c(ai, ej) = c(a1, ej)+

i∑
k=2

δ(ak, ej),

(13)
where δ(ai, ej) = c(ai, ej) − c(ai−1, ej) ≥ 0 with i ≥ 2 and j ≥ 1 is the first-step difference179

of the policy vector along wealth grids. Note that (13) is equivalent to (10). In order to ensure180

stability at the beginning of the training, we firstly solve a Huggett [8] model without aggregate181

uncertainty (usually called steady state and easy to solve) and pre-train the U-net to fit the optimal182

policy function of the steady state. Figure 2 shows the steady state results, where the policy is used183

to initialize the network and the distribution is used to initialize the simulation.184
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Figure 2: Steady-state solution of the Huggett [8] economy. Left: optimal consumption policy as
a function of wealth for each idiosyncratic income level. Middle: probability mass function of the
ergodic wealth distribution. Right: kernel density estimate (KDE) of the same distribution.

Relationships to SPG and RSPG All three algorithms—SPG, RSPG, and DSPG—belong to the185

SRL family and share a differentiable environment for variance-free gradient computation. They186

differ in the state representation fed to the policy function:187

• SPG [19] uses a low-dimensional state space (at, et, rt, zt), which is a summary of the188

distribution µt, being computational friendly.189

• RSPG [18] augments the state space with a history of prices {rt−ℓ, . . . , rt} encoded by an190

RNN, partially recovering distributional information through price signals.191

• DSPG directly conditions on the full distribution µt, preserving all cross-sectional informa-192

tion at the cost of a higher-dimensional input, which we handle via the U-Net architecture.193

As shown in Section 5, DSPG retains SRL-level efficiency—solving the model within minutes—194

while targeting the exact global equilibrium; the close agreement with SPG solutions in turn vali-195

dates SPG’s approximation. Beyond SRL, DSPG produces global nonlinear solutions (unlike per-196

turbation methods [2]), optimizes through a differentiable simulation rather than an equilibrium net-197

work (unlike DEQN [3]), and eliminates score-function variance relative to classical DRL baselines198

(Appendix F). A limitation is the fixed-grid cost O(nane): for very high-dimensional distributions,199
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backpropagation through T steps may exhaust GPU memory regardless of the network architecture,200

motivating future work on adaptive distributional representations.201

4.3 Algorithm Summary202

Algorithm 1 DSPG: Distribution-based Structural Policy Gradient

1: Phase 1: Steady-state pre-training
2: Solve the steady-state Huggett [8] economy (no aggregate risk) via Value Iteration
3: Pre-train U-Net parameters Θ0 to fit the steady-state consumption policy
4: Initialize distribution g0 from the steady-state distribution
5: Phase 2: Policy optimization
6: for iteration k = 1, 2, . . . ,K do
7: for trajectory m = 1, . . . , n do
8: Sample aggregate shock sequence {zt}Tt=0 from Tz
9: for t = 0, 1, . . . , T do

10: Compute consumption policy: ct = U-Net(gt, zt; Θk) ▷ Eq. (10)
11: Compute equilibrium interest rate rt ▷ Eq. (9)
12: Update distribution gt+1 via budget constraint and idiosyncratic transition Te
13: end for
14: end for
15: Compute loss J(Θk) by averaging over n trajectories ▷ Eq. (12)
16: Update Θk+1 ← Θk − α∇ΘJ(Θk) via backpropagation through differentiable dynamics
17: end for
18: return Trained policy parameters ΘK

Implementation details The entire pipeline is implemented in JAX for GPU-accelerated differen-203

tiable computation. All training hyperparameters—including learning rate, number of trajectories n,204

and truncation length T—are reported in Appendix D.1. The 1D U-Net architecture details (number205

of levels, channel widths) are provided in Appendix E; model calibration parameters are in Ap-206

pendix A.1. Each forward pass evaluates the U-Net and computes rt in O(nane); the backward207

pass through T time steps has complexity O(T · nane · |Θ|). Memory scales linearly with T due to208

storing intermediate activations for backpropagation.209

5 Experiments210
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Figure 3: DSPG solution of the Huggett [8] economy with aggregate risk. Top row: optimal con-
sumption policy, probability mass, and KDE density of the ergodic distribution. Bottom row: a
simulated path of aggregate shock zt, equilibrium interest rate rt, and market clearing error St−B.
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5.1 Optimal Policy211

Figure 2 shows the steady-state solution used for initialization. Figure 3 presents the DSPG solution212

of the full model with aggregate risk: the policy and ergodic distribution closely match those of the213

steady-state economy under the same calibration, while producing even smoother curves than value214

iteration. The simulation path reveals a negative relationship between the equilibrium interest rate rt215

and TFP zt, and aggregate saving residuals remain below 10−10 throughout—both consistent with216

economic theory.217

We also ablate the number of trajectories n per update (Figure 4). Increasing n from 32 to 512218

progressively reduces training variance at the cost of longer wall-clock time; n = 128 offers a219

practical balance. All three settings converge to comparable final loss values. Other hyperparameters220

are in Appendix D.1.221
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Figure 4: Ablation on the number of trajectories n ∈ {32, 128, 512} (10 independent runs each).
Left: training loss curves (solid line: mean; shaded: ±1 std). Middle: wall-clock time per run.
Right: final training variance. Larger n reduces variance but increases computation.

Together, these results demonstrate that DSPG solves the Huggett [8] economy with aggregate risk222

and positive bond supply in a stable, accurate, and robust manner.223

5.2 Economic Findings224

Table 1 reports the equilibrium interest rate rt conditional on each TFP level zt, revealing a clear225

negative relationship. The mechanism is intuitive: classify households with ai,t > B as net savers226

and those with ai,t < B as net borrowers. When TFP is high, all households’ income rises, increas-227

ing the aggregate supply of savings relative to borrowing demand; the interest rate falls to restore228

market clearing. Conversely, when TFP is low, saving supply contracts and the interest rate must rise229

to attract sufficient lending. In short, rt adjusts to reconcile the shifting balance between aggregate230

saving and borrowing, generating the observed negative co-movement with zt.231

Table 1: Equilibrium interest rate rt vs TFP shock zt

TFP shock zt 0.91 0.96 1.00 1.05 1.09

AVG rt 0.0283 0.0267 0.0250 0.0222 0.0188
STD rt 0.0007 0.0006 0.0008 0.0011 0.0016

5.3 Comparision to SPG232

Figure 5 compares the mean ergodic distributions produced by DSPG and SPG13. The DSPG distri-233

bution is very close to that of SPG yet noticeably smoother, reflecting the continuity of the U-Net234

policy in contrast to SPG’s grid-based interpolation. Figure 6 shows that the aggregate consumption235

paths Ct also agree closely. Quantitatively, DSPG achieves average market-clearing residuals below236

10−11, compared with roughly 10−5 for SPG—an improvement of six orders of magnitude. To our237

knowledge, this is the first high-accuracy global solution of this economy.238

13SPG [19] was previously the only effective algorithm for this model and yields solutions close to the rational-expectations
equilibrium under its bounded-rationality assumptions, making it a natural reference.
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Figure 5: Mean ergodic distribution gt: DSPG (ours) vs. SPG. The two distributions are nearly
indistinguishable, with DSPG producing smoother curves.
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Figure 6: Aggregate consumption Ct: DSPG (ours) vs. SPG. Under three fixed representative TFP
shocks, the total consumption paths from both methods closely agree.

5.4 Validation239

We compare DSPG with conventional DRL algorithms—PPO, SAC, and DDPG—on the partial-240

equilibrium (PE) version of our economy, where a value-function iteration (VFI) solution serves as241

the ground-truth baseline (see Appendix C.1 for the PE setup, Appendix C.2 for the VFI solution,242

and Appendix C.3 for the rationale of using the PE benchmark). Table 2 and Figure 7 show that243

DSPG converges faster, with lower variance and closer final performance to VFI than all three DRL244

baselines. Hyperparameters for each method are reported in Appendices D.2–D.5.245

Table 2: Summary of performance

Algorithm Last eval Best eval

AVG STD AVG STD

DSPG 5.661 0.003 5.732 0.001
PPO 5.128 0.132 5.910 0.067
SAC 4.266 0.060 4.716 0.019
DDPG 4.502 0.501 5.225 0.221

VFI 5.653 — 5.653 —
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Figure 7: Training curves on the PE
model (10 runs; shaded: ±1.96 std).

6 Conclusion246

We introduced DSPG, an efficient distribution-based structural policy gradient method that solves247

heterogeneous-agent models with both aggregate uncertainty and non-trivial market clearing. By248

conditioning a U-Net policy on the full cross-sectional distribution and computing exact path-249

wise gradients through a differentiable simulation, DSPG obtains global nonlinear equilibria within250

minutes—without linearizing around a steady state or relaxing the market-clearing condition. On the251

dynamic Huggett [8] economy with aggregate risk, DSPG achieves market-clearing residuals below252

1e−7, improving upon prior SRL methods by two orders of magnitude. To our knowledge, this is the253

first high-accuracy global solution of this economy. Future work includes extending DSPG to richer254

environments such as HANK models, improving scalability via adaptive or mesh-free distributional255

representations, and establishing formal convergence guarantees under NN parameterization.256
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Appendix306

A Details of the Huggett Economy307

A.1 Calibration308

Following the literature, we set the household discount factor β = 0.975 and utility function u(c) =309

c1−σ

1−σ with σ = 1. Then, we set borrowing constraint a = 0 and total bond supply B = 5, a setting310

that is different from the original [8] model. The idiosyncratic shock follows a three-state Markov311

chain to approximate the log AR(1) process312

log(ei,t+1) = ρe · log(ei,t) + νe ·
√

1− ρ2e · ϵi,t, ϵi,t ∼ N(0, 1), (14)

where the persistence ρe = 0.6 and the variance νe = 0.2, same as [1] model. The grids e and313

transition matrix Pe of idiosyncratic shock are314

e =

[
0.5343
0.9735
1.7739

]
and Pe =

[
0.6460 0.3539 0.0001
0.0304 0.9392 0.0304
0.0001 0.3539 0.6460

]
, (15)

with e and Pe rounded to 4 decimals and the ergodic mean average ē is 1.315

The aggregate shock follows a five-state Markov chain to approximate the log AR(1) process similar316

to (14)317

log(zt+1) = ρz · log(zt) + νz ·
√

1− ρ2z · ϵt, ϵt ∼ N(0, 1), (16)
where the persistence ρz = 0.9 and νz = 0.03 to make the aggregate shock more steady and318

controllable, thereby reducing the difficulty of solving. The grids z and transition matrix Pz of319

aggregate shock are320

z =


0.9139
0.9560
1.0000
1.0460
1.0942

 and Pz =


0.8478 0.1522 0.0000 0.0000 0.0000
0.0195 0.8962 0.0843 0.0000 0.0000
0.0000 0.0427 0.9147 0.0427 0.0000
0.0000 0.0000 0.0843 0.8962 0.0195
0.0000 0.0000 0.0000 0.1522 0.8478

 , (17)

with z and Pz rounded to 4 decimals.321

A.2 Discretization322

There are two heterogeneous attributes, wealth ai,t and income ei,t. The latter has already been323

discretized to ne = 3 states. We discretize wealth to na = 200 grid points with amin = a = 0 and324

amax = 150. So the distribution gt is a vector with na × ne = 600 dimensions. There are nz = 5325

different aggregate states.326

B Krusell and Smith [10] model327

B.1 Model Setup328

Households There’s a continuum of households indexed by i ∈ [0, 1] and each household has329

productivity level ei,t and wealth ai,t. Productivity level (idiosyncratic shock) ei,t follows a three-330

state Markov process which is the same as (15).331

The aggregate shock zt follows a two-state Markov process332

z = [zb zg] = [0.99 1.01] and Pz =

[
0.875 0.125
0.125 0.875

]
, (18)

where z is the grid of aggregate shock and Pz is the transition matrix.333

Wealth ai,t evolves according to the budget constraint334

ai,t+1 + ci,t = (1 + rt)ai,t + wtei,t, (19)
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where rt is interest rate and wt is wage. Households take prices as given and live permanently to335

optimize cumulative utility336

max
ci,t

E0[

∞∑
t=0

βtu(ci,t)], (20)

where β = 0.975 is the discount factor and u(c) = c1−σ

1−σ with σ = 1 is the utility function.337

Firm There is a representative firm who borrows capital from households and produces goods338

according to Cobb-Douglas function339

Yt = ztK
α
t L

1−α
t , (21)

where Kt is aggregate capital, Lt is aggregate labor supply and α = 0.36 is capital share. Firm use340

FOC condition to determine interest rate and wage341

rt =
∂Yt

∂Kt
− δ = αztk

α−1
t − δ, wt =

∂Yt

∂Lt
= (1− α)ztk

α
t , (22)

where δ = 0.025 is the capital depreciation rate and kt =
Kt

Lt
is capital per capita.342

Equilibrium Households maximize cumulative utility (20) subject to the budget constraint (19)343

and taking as given prices according to firm’s optimality condition (22).344

B.2 KS Method345

From (22), we know that as long as we get the knowledge of the law of motion of aggregate capital346

Kt, we get the knowledge of interest rate rt and wage wt. So in [10] method, we assume the347

aggregate capital Kt evolves according to348

log(Kt+1) =

{
xg · log(Kt) + yg, zt = zg
xb · log(Kt) + yb, zt = zb

, (23)

where θ =

[
xg yg
xb yb

]
is unknown parameter. Then, there is a fixed point problem between unknown349

parameter θ and optimal consumption policy π∗.350

Given parameter θ ∈ R2×2, we can find the corresponding optimal policy π∗(θ) using Value Itera-351

tion, for all transition dynamics are known. And at the same time, given a policy function π, we can352

simulate the economy to get massive samples of (Kt, zt,Kt+1) and then run regression of (23) to353

get optimal parameter θ(π) that satisfy (23). So as long as we can find354

θ = θ(π∗), π∗ = π∗(θ), (24)

we get the solution of Krusell and Smith [10] model.355

KS method can be extended to solve nearly all heterogeneous agent models. However, not all models356

exist a fixed point including what we solved in this paper. Economists have tried many function357

forms of (23) to solve the Huggett [8] model with aggregate risk, yet all failed. A potential reason358

why there does not exist a fixed point is the sensitiveness of the market clearing price.359

C A PE Model of the Huggett [8] Economy360

C.1 Model Setup361

Households There’s a representative household with wealth at and productivity level et at period362

t. There are two prices, interest rate rt and wage wt, that evolves exogenously. Productivity level et,363

interest rate rt and wage wt all follow a Markov process,364

et+1 ∼ Te(· | et), rt+1 ∼ Tr(· | rt) and wt+1 ∼ Tw(· | wt), (25)

where we discretize Te to three states, Tr to five states and Tw to seven states.365
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The discrete values and transition matrix of et are366

e =

[
0.5343
0.9735
1.7739

]
and Pe =

[
0.6460 0.3539 0.0001
0.0304 0.9392 0.0304
0.0001 0.3539 0.6460

]
, (26)

where we use the same process of our original model.367

The discrete values and transition matrix of rt are368

r =


0.0193
0.0218
0.0247
0.0279
0.0315

 and Pr =


0.5655 0.4172 0.0173 0.0000 0.0000
0.0920 0.6079 0.2966 0.0035 0.0000
0.0034 0.1423 0.7032 0.1507 0.0004
0.0000 0.0056 0.2287 0.7131 0.0526
0.0000 0.0000 0.0081 0.3438 0.6480

 , (27)

with the ergodic interest rate r̄ = 2.5%.369

The discrete values and transition matrix of wt are370

w =



0.9418
0.9608
0.9802
1.0000
1.0202
1.0408
1.0618

 and Pw =



0.6657 0.3312 0.0031 0.0000 0.0000 0.0000 0.0000
0.0541 0.7002 0.2442 0.0014 0.0000 0.0000 0.0000
0.0001 0.0842 0.7363 0.1787 0.0007 0.0000 0.0000
0.0000 0.0003 0.1254 0.7487 0.1254 0.0003 0.0000
0.0000 0.0000 0.0007 0.1787 0.7363 0.0842 0.0001
0.0000 0.0000 0.0000 0.0014 0.2442 0.7002 0.0541
0.0000 0.0000 0.0000 0.0000 0.0031 0.3312 0.6657

 ,

(28)
with the ergodic wage w̄ = 1.371

Wealth at evolves according to the budget constraint372

at+1 + ct = (1 + rt)at + wtet, (29)

where we use the natural borrowing constraint at ≥ 0 for all t. And the representative household373

optimizes the cumulative utility374

max
ct

E0[

∞∑
t=0

βtu(ct)], (30)

where we use the same parameters of β = 0.975 and u(c) = c1−σ

1−σ with σ = 1.375

C.2 Numerical Solution (Value Iteration)376

Since all transition dynamics are known, we use Value Iteration to solve it. Given the current state377

(at, wt, rt, et), we know the transition probability of (et, rt, wt) follows (25) and the transition dy-378

namic of at follows (29). Then, we can write the Bellman euqation379

max
ct

u(ct) + βE[V (at+1, et+1, rt+1, wt+1) | (at, et, rt, wt)]

s.t. at+1 = (1 + rt)at + wtet − ct
et+1 ∼ Te(· | et)
rt+1 ∼ Tr(· | rt)
wt+1 ∼ Tw(· | wt)

, (31)

therefor we can solve the optimal control by using Value Iteration.380

C.3 Why PE the baseline?381

The reason why we use PE as the baseline is we want to compare our DSPG algorithm with con-382

ventional deep reinforcement learning algorithms, including PPO, SAC and DDPG. PE is a real383

low-dimensional single-agent problem which can be easily extended as a reinforcement learning en-384

vironment and solved by existing open-source RL repos. Though we discussed in previous section385

that our complex environment is also equivalent to a single-agent problem, it’s high-dimensional.386

The dimension of inputs and outputs are several hundreds, which is difficult for current open-source387

DRL repos to handle. So instead we use PE as the baseline.388
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D Hyper-parameters389

D.1 USPG (Huggett Economy)390

Symbol Description Value

na Number of asset grid points 200

amin, amax Borrowing limit and asset upper bound 0, 150

ne, nz Labor productivity states, TFP states 3, 5

β Discount factor 0.975

σ Coefficient of relative risk aversion 1 (log utility)
B Total bond supply (market clearing) 5

εtrunc Truncation error for infinite horizon 10−2

T Training rollout length ⌊ln(εtrunc)/ lnβ⌋ (as in script)
Btrain Batch size 64

Nepoch Training epochs 1000

η0 Adam initial learning rate 2× 10−3

LR schedule optax.exponential_decay (multiplicative per
epoch)

Factor 0.5

Optimizer Adam
Warm-up Initial distribution g0 for early epochs Epochs 1–50: steady_dist; there-

after previous final_g
U-Net width Output channels per DoubleConv block 4

Convolution Conv1D / Conv1DTranspose Kernel 3; SAME padding
Activation Hidden layers LeakyReLU
Downsampling Pooling AvgPool, window 2, stride 2

Output head Consumption parameterization sigmoid then cumulative sum for
c(a, e, z)

Repeats Outer loop in ablation_study.py 10

D.2 USPG (PE Economy)391

Symbol Description Value

Na (NA) Number of asset grid points 200

amin, amax Asset bounds (PEEnv) 0, 100

ne, nr, nw States for productivity, interest rate, wage factor 3, 5, 7

β Discount factor 0.975

σ Coefficient of relative risk aversion 1

cmin Minimum consumption (feasibility) 10−3

T Training and evaluation horizon Default PEEnv.T (⌈ln(10−2)/ lnβ⌉,
≈ 182); override with –horizon

Btrain Batch size 64

Nepoch Training epochs 1000

Nrep Independent runs 10

η0 Adam initial learning rate 2× 10−3

LR schedule optax.exponential_decay Factor 0.5 per epoch
Optimizer Adam
Nwarm Epochs with ergodic g0 warm-start 50 (WARMUP_EPOCHS)
Neval Interval for fixed-g0 curve evaluation 100 (eval_every; first and last epoch

always evaluated)
U-Net width Channels per DoubleConv 4

Conv. / pooling Same pattern as Huggett USPG (ker-
nel 3, LeakyReLU, AvgPool)

Policy output Relative to VFI upper bound Consumption over ne; (r, w) enter
through wealth, no separate head
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D.3 PPO (PE Economy)392

Symbol Description Value

Nupdate Total PPO updates 500

Nenv Parallel environments 32

H Rollout length per env per update 64

dh Shared trunk hidden width (MLP) 128 (two tanh layers)
η Learning rate 3× 10−4

γ Discount factor Default β (PEEnv.beta, 0.975)
λGAE GAE parameter 0.95

εclip PPO clip range 0.2

Eppo PPO epochs per update 10

|M| Minibatch size 256

cv Value loss coefficient 0.5

cH Entropy bonus coefficient 0.01

– Obs. normalization scale (normalize_obs) [amax−amin, 2.5, 0.035, 0.15]

– Obs. normalization offset (normalize_obs) [amin, 0, rmin−0.01, wmin−0.02]

Eval paths Post-training Monte Carlo evaluation 4096 (–eval_paths)
Ergodic eval paths Ergodic eval when logging 256 (–log_ergodic_eval_paths)

D.4 SAC (PE Economy)393

Symbol Description Value

Nupdate Total gradient-update rounds 500

Nenv Parallel environments 32

H Rollout-related horizon 64

dh Actor / critic MLP hidden width 128 (actor: two ReLU layers)
η Learning rate (Q and actor) 3× 10−4

γ Discount factor Default β = 0.975

τ Target soft-update coefficient 0.005

αSAC Entropy temperature (fixed) 0.2

|B| Replay buffer capacity 500 000

Btrain Batch size per gradient step 256

Ngrad Gradient steps per environment step (after warm-
up)

80

Nstart Minimum transitions before learning 5000

log σ clip Stability [−20, 2] (LOG_STD_MIN/MAX)
Eval paths Post-training MC evaluation 4096 (–eval_paths)
Ergodic eval paths Ergodic eval when logging 256 (–log_ergodic_eval_paths)
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D.5 DDPG (PE Economy)394

Symbol Description Value

Nupdate Total update rounds 500

Nenv Parallel environments 32

H Horizon 64

dh Actor / Q hidden width 128 (two ReLU layers)
η Learning rate 3× 10−4

γ Discount factor Default β = 0.975

τ Target soft-update coefficient 0.005

σ
(0)
noise Initial exploration noise std (on share) 0.1

σ
(end)
noise Final exploration noise std 0.02

|B| Replay buffer capacity 500 000

Btrain Batch size 256

Ngrad Gradient steps per update 80

Nstart Minimum samples before learning 5000

Eval paths Post-training MC evaluation 4096 (–eval_paths)
Ergodic eval paths Ergodic eval when logging 256 (log_ergodic_eval_paths)

E Overall Structure of the 1D U-Net395

We employ a 1D U-Net architecture operating on the asset grid. The input tensor has shape396

(B,na, ne), where na denotes the asset grid and ne the productivity states. Convolutions are applied397

along the asset dimension while treating the productivity states as channels. The network consists of398

two down-sampling layers followed by two symmetric up-sampling layers with skip connections.399
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F Theoretical Analysis of DSPG400

This appendix analyzes the gradient computation and variance properties of DSPG using the notation401

of Sections 3–4: Θ denotes the U-Net parameters, gt ∈ Rna×ne
+ the discretized wealth–productivity402

distribution with entries gkℓ,t = d(ak, eℓ), ct ∈ Rna×ne the consumption matrix, zt the aggregate403

shock, and rt the equilibrium interest rate. We write u(ct) � gt :=
∑na

k=1

∑ne

ℓ=1 gkℓ,t u(ckℓ,t) for404

the aggregate welfare at date t, following the convention of Section 4.405

F.1 The DSPG Computation Graph406

At each period t, DSPG executes four operations:407

(i) Policy. ct = U-Net(gt, zt; Θ) via (10).408

(ii) Market clearing. rt is obtained in closed form from the aggregated budget constraint via409

(9): 1 + rt = (B − ztē+ ct � gt)/(a� gt), which involves only weighted sums and one410

scalar division.411

(iii) Wealth update. At each grid point (k, ℓ), next-period wealth is a′kℓ,t = (1 + rt)ak +412

zteℓ − ckℓ,t, projected onto [a,∞) to enforce the borrowing constraint (3).413

(iv) Distributional update. gt+1 = Φ(gt, ct, rt, zt, zt+1), where Φ redistributes mass across414

wealth grid points (via linear-interpolation weights that are piecewise linear in a′kℓ,t) and415

composes with the exogenous transition matrix for e.416

Composing steps (i)–(iv) over T periods yields the graph417

Θ
U-Net−−−→ c0

(9)−−→ r0 −→ g1
U-Net−−−→ c1 −→ · · · −→ gT , (32)

every arrow of which is a (piecewise) differentiable map. Aggregate shocks {zt} and idiosyncratic418

realizations {ei,t} are exogenous and do not depend on Θ, so they act as fixed random inputs for a419

given sample path.420

F.2 Assumptions421

[Differentiability] The utility u : R++ → R is twice continuously differentiable, strictly increasing,422

and strictly concave. The U-Net map Θ 7→ U-Net(g, z; Θ) is continuously differentiable. The redis-423

tribution map Φ is piecewise continuously differentiable in (gt, ct, rt). Non-smoothness is confined424

to (a) the borrowing-constraint projection in step (iii) and (b) the boundaries between neighboring425

grid cells in the interpolation of Φ.426

[Bounded rewards] Consumption is bounded along any trajectory: ckℓ,t ∈ [c, c] with 0 < c ≤ c <427

∞, so that |u(ckℓ,t)| ≤M for some M <∞.428

[Positive aggregate wealth] The wealth grid contains at least one strictly positive point and gt assigns429

positive mass to it, so that a� gt > 0 for all t; with B > 0, the denominator in (9) is bounded away430

from zero.431

F.3 DSPG Objective and Gradient432

Recall from (12) that the DSPG sample objective is433

J(Θ) ≈ − 1

n

n∑
m=1

T∑
t=0

βt u
(
c
(m)
t

)
� g

(m)
t︸ ︷︷ ︸

=:U
(m)
t

, (33)

where m indexes independent shock trajectories. For a fixed m, U (m)
t depends on Θ through the434

graph (32).435

[Exact pathwise gradient] Under Assumptions F.2–F.2, for each trajectory m and almost every real-436

ization of exogenous shocks, the map Θ 7→
∑T

t=0 β
tU

(m)
t is piecewise differentiable, and437

∇Θ J(Θ) = − 1

n

n∑
m=1

T∑
t=0

βt dU
(m)
t

dΘ
, (34)
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where dU
(m)
t /dΘ is computed by reverse-mode automatic differentiation through the graph (32).438

No score-function (REINFORCE) estimator is used.439

Fix a trajectory m and its exogenous shock sequence. Given these, the sequence440

(g0, c0, r0,g1, c1, r1, . . . ,gT ) is a deterministic, piecewise differentiable function of Θ:441

• g0 is an exogenous initial distribution (independent of Θ).442

• ct = U-Net(gt, zt; Θ) is C1 in Θ by Assumption F.2.443

• rt is a ratio of affine functions of (gt, ct) via (9); by Assumption F.2 the denominator is444

bounded away from zero, so rt is C1 in (gt, ct).445

• gt+1 = Φ(gt, ct, rt, zt, zt+1) is piecewise C1 by Assumption F.2.446

By the chain rule, U
(m)
t is piecewise differentiable in Θ for every t, and so is the finite sum447 ∑T

t=0 β
tU

(m)
t . The gradient (34) follows from applying the chain rule through the entire graph,448

which is exactly what reverse-mode automatic differentiation computes.449

Because {zt}, {ei,t} enter as fixed exogenous inputs (not functions of Θ), no likelihood-ratio term450

appears. Expectation and differentiation commute by dominated convergence: the integrand is451

bounded by M
∑T

t=0 β
t < M/(1− β) under Assumption F.2.452

Gradient decomposition. The total derivative of Ut with respect to Θ admits the natural decom-453

position454

dUt

dΘ
=

∂Ut

∂ct

∂ct
∂Θ︸ ︷︷ ︸

direct effect

+
∂Ut

∂gt

dgt

dΘ︸ ︷︷ ︸
distributional effect

, (35)

where dgt/dΘ depends recursively on all prior periods through Φ, rs, and cs for s < t. The455

first term captures the immediate impact of Θ on current consumption; the second captures the456

cumulative effect of Θ on the wealth distribution, which feeds back through market clearing (9) into457

rt. Both are computed automatically by backpropagation.458

F.4 Truncation Bias459

Let J∞(Θ) = −E[
∑∞

t=0 β
tUt] be the infinite-horizon objective. DSPG uses a finite truncation460

T <∞. Under Assumption F.2,461 ∣∣J∞(Θ)− J(Θ)
∣∣ ≤ M βT+1

1− β
, (36)

i.e., the bias decays geometrically in T . The same bound applies to gradients, with M replaced by462

the product of M and the Lipschitz constant of the graph (32). For β ≈ 0.96, truncation at T on the463

order of hundreds makes the bias numerically negligible.464

F.5 Variance Reduction over REINFORCE465

[Zero conditional variance] For a fixed exogenous shock sequence, the DSPG gradient (34) is a466

deterministic function of Θ; it therefore has zero variance conditional on the shocks. In contrast,467

a REINFORCE estimator applied to the same trajectory carries strictly positive variance from the468

score-function weighting ∇Θ log πΘ ·R.469

The residual variance of (34) arises only from averaging over n independent shock trajectories and470

decreases at the standard O(1/n) rate. DSPG thus eliminates one of the two variance sources carried471

by REINFORCE-style estimators; empirically, this permits training with far fewer trajectories than472

classical DRL baselines.473

F.6 Convexity of the Inner Problem474

The per-period objective Ut =
∑

k,ℓ gkℓ,t u(ckℓ,t) is concave in ct (non-negative weighted sum of475

concave functions), and the budget constraint (2) is linear in ckℓ,t. The inner problem of choosing ct476

given a fixed distribution and price is therefore convex in the minimization sense of J. This structure477
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does not imply that J(Θ) is globally convex in the U-Net parameters Θ, but it yields a benign loss478

landscape: empirically (Section 5), gradient descent converges to the same solution from diverse479

random initializations, consistent with the observation in Section 4.480

F.7 Remarks on Non-smoothness481

Proposition F.3 asserts piecewise differentiability rather than global smoothness. Two sources of482

non-smoothness arise in the DSPG graph:483

Borrowing constraint. Step (iii) projects next-period wealth onto [a,∞) via a′kℓ,t 7→484

max(a′kℓ,t, a). The max operator is non-differentiable at a′kℓ,t = a. However, for a given Θ the485

set of parameters at which some grid point exactly hits the kink is a measure-zero subset of the486

parameter space. Away from this set, the projection is locally linear (a′kℓ,t or a, whichever is active)487

and poses no obstacle to automatic differentiation. In practice, JAX computes a valid subgradient at488

the kink, which is sufficient for SGD convergence [? ].489

Grid interpolation. Step (iv) redistributes mass using linear-interpolation weights that are piece-490

wise linear in the continuous wealth value a′kℓ,t. The interpolation weights change their functional491

form when a′kℓ,t crosses a grid boundary. As with the borrowing constraint, the set of Θ values492

where a′kℓ,t lies exactly on a grid boundary has measure zero, and the interpolation is smooth al-493

most everywhere. Furthermore, because linear interpolation is a convex combination, the resulting494

gradients are bounded, so the occasional subgradient at a grid boundary does not destabilize training.495

In summary, the non-smooth points form a measure-zero set in Θ-space at each time step. The496

composition over T steps remains piecewise C1 almost everywhere, and gradient descent with sub-497

gradients at non-smooth points is well studied and known to converge under mild conditions [? ].498

F.8 Lipschitz Regularity of the Gradient499

The truncation-bias bound on gradients in Section F.4 (equation (36)) involves the Lipschitz constant500

of the computational graph. We argue here that this constant is finite under our assumptions.501

[Finite Lipschitz constant] Under Assumptions F.2–F.2, let Lnet denote the Lipschitz constant of the502

U-Net map (g, z) 7→ U-Net(g, z; Θ) with respect to its inputs (for a fixed Θ), and let LΦ denote503

the Lipschitz constant of the redistribution map Φ with respect to (gt, ct, rt). Then the one-step504

Jacobian of the graph (32) satisfies505 ∥∥∥∥dgt+1

dgt

∥∥∥∥ ≤ LΦ (1 + Lnet)(1 + Lr), (37)

where Lr is the Lipschitz constant of rt with respect to (gt, ct), which is finite by Assumption F.2506

(the denominator in (9) is bounded away from zero, and the numerator is Lipschitz in its arguments).507

From the graph, gt+1 depends on gt through three channels: (a) directly via Φ, (b) via ct =508

U-Net(gt, zt; Θ), and (c) via rt which depends on (gt, ct). By the chain rule and the triangle509

inequality:510 ∥∥∥∥dgt+1

dgt

∥∥∥∥ ≤ ∥∥∥∥ ∂Φ

∂gt

∥∥∥∥+

∥∥∥∥ ∂Φ∂ct
∥∥∥∥ ∥∥∥∥∂ct∂gt

∥∥∥∥+

∥∥∥∥ ∂Φ∂rt
∥∥∥∥ ∥∥∥∥ ∂rt∂gt

∥∥∥∥+

∥∥∥∥ ∂Φ∂rt
∥∥∥∥ ∥∥∥∥∂rt∂ct

∥∥∥∥ ∥∥∥∥∂ct∂gt

∥∥∥∥ .
Each factor is finite: ‖∂Φ/∂ · ‖ ≤ LΦ by assumption; ‖∂ct/∂gt‖ ≤ Lnet; ‖∂rt/∂ · ‖ ≤ Lr since rt511

is a ratio with bounded-away-from-zero denominator. Collecting terms yields (37).512

By induction, the T -step Jacobian is bounded by (LΦ(1+Lnet)(1+Lr))
T . When multiplied by the513

discount βt, the contribution of period-t gradients to the total gradient is bounded by M · (β ·LΦ(1+514

Lnet)(1+Lr))
t. In the regime β·LΦ(1+Lnet)(1+Lr) < 1 (which holds when β is sufficiently small515

relative to the per-step expansion), the gradient series converges absolutely and the truncation bias516

on the gradient also decays geometrically. In practice, the effective per-step expansion is moderate517

because the market-clearing mechanism acts as a stabilizing feedback: if households over-consume,518

rt rises to restore equilibrium, dampening the distributional response.519
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F.9 Pre-training and Initialization520

The steady-state pre-training described in Section 4 produces an initial parameter vector Θ0 by fitting521

the value-iteration policy of a Huggett [8] economy without aggregate risk. This step is a separate522

optimization and does not affect the theoretical properties of DSPG’s main training phase: Θ0 is523

treated as a fixed starting point, and all gradient computations in (34) are with respect to the current524

Θ only. The initial distribution g0 is likewise set to the steady-state distribution and is independent525

of Θ. Pre-training serves only to place Θ0 in a region where the policy produces economically526

reasonable consumption values from the outset, ensuring numerical stability (in particular, avoiding527

negative or exploding consumption that would violate Assumption F.2).528

Summary. DSPG assembles a fully differentiable simulation—U-Net policy, closed-form market529

clearing (9), wealth update, and distributional transition—and obtains exact pathwise gradients via530

backpropagation. Compared with REINFORCE, it eliminates score-function variance entirely; the531

only remaining stochasticity arises from sampling over exogenous shock trajectories and decays at532

the O(1/n) rate. Non-smooth points (borrowing constraint, grid boundaries) form a measure-zero533

set and do not impede SGD convergence. The per-step Lipschitz constant of the computational534

graph is finite, ensuring that both truncation bias and gradient norms remain controlled. Horizon535

truncation contributes a geometrically decaying bias that is negligible in practice.536
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in Section 4.546

Guidelines:547
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much the results can be expected to generalize to other settings.554
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proach. For example, a facial recognition algorithm may perform poorly when image578
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limitations that aren’t acknowledged in the paper. The authors should use their best588
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tant role in developing norms that preserve the integrity of the community. Reviewers590

will be specifically instructed to not penalize honesty concerning limitations.591
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a complete (and correct) proof?594

Answer: [Yes]595

Justification: Appendix F states three explicit assumptions (Assumptions F.2–F.2) and pro-596
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rems.605
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Answer: [Yes]616
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of whether the code and data are provided or not.626
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taken to make their results reproducible or verifiable.628
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it may be necessary to either make it possible for others to replicate the model with632

the same dataset, or provide access to the model. In general. releasing code and data633

is often one good way to accomplish this, but reproducibility can also be provided via634

detailed instructions for how to replicate the results, access to a hosted model (e.g., in635
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that are appropriate to the research performed.637
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missions to provide some reasonable avenue for reproducibility, which may depend639

on the nature of the contribution. For example640

(a) If the contribution is primarily a new algorithm, the paper should make it clear641

how to reproduce that algorithm.642
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tions to faithfully reproduce the main experimental results, as described in supplemental656

material?657
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Guidelines:662

• The answer [N/A] means that paper does not include experiments requiring code.663

• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/664

public/guides/CodeSubmissionPolicy) for more details.665

• While we encourage the release of code and data, we understand that this might not666
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versions (if applicable).679
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6. Experimental setting/details682
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• The answer [N/A] means that the paper does not include experiments.692

• The experimental setting should be presented in the core of the paper to a level of693

detail that is necessary to appreciate the results and make sense of them.694

• The full details can be provided either with the code, in appendix, or as supplemental695

material.696
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7. Experiment statistical significance697
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Justification: This work develops a computational method for solving macroeconomic mod-748

els. It does not involve human subjects, personal data, or any activity that could conflict749

with the NeurIPS Code of Ethics.750
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• Datasets that have been scraped from the Internet could pose safety risks. The authors802

should describe how they avoided releasing unsafe images.803

• We recognize that providing effective safeguards is challenging, and many papers do804

not require this, but we encourage authors to take this into account and make a best805
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Question: Are new assets introduced in the paper well documented and is the documenta-833

tion provided alongside the assets?834

Answer: [Yes]835

Justification: We release two benchmark models (GE and PE versions of the dy-836

namic Huggett [8] economy) along with the DSPG codebase at https://github.com/837

leafDancer/DSPG. The code is written entirely in JAX and includes documentation for838

reproducing all experiments.839

Guidelines:840

• The answer [N/A] means that the paper does not release new assets.841

• Researchers should communicate the details of the dataset/code/model as part of their842

submissions via structured templates. This includes details about training, license,843

limitations, etc.844

• The paper should discuss whether and how consent was obtained from people whose845

asset is used.846

• At submission time, remember to anonymize your assets (if applicable). You can847

either create an anonymized URL or include an anonymized zip file.848

14. Crowdsourcing and research with human subjects849

Question: For crowdsourcing experiments and research with human subjects, does the pa-850

per include the full text of instructions given to participants and screenshots, if applicable,851

as well as details about compensation (if any)?852

Answer: [N/A]853
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Justification: This work does not involve crowdsourcing or human subjects.854

Guidelines:855

• The answer [N/A] means that the paper does not involve crowdsourcing nor research856

with human subjects.857

• Including this information in the supplemental material is fine, but if the main contri-858

bution of the paper involves human subjects, then as much detail as possible should859

be included in the main paper.860

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-861

tion, or other labor should be paid at least the minimum wage in the country of the862

data collector.863

15. Institutional review board (IRB) approvals or equivalent for research with human864

subjects865

Question: Does the paper describe potential risks incurred by study participants, whether866

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)867

approvals (or an equivalent approval/review based on the requirements of your country or868

institution) were obtained?869

Answer: [N/A]870

Justification: This work does not involve human subjects research.871

Guidelines:872

• The answer [N/A] means that the paper does not involve crowdsourcing nor research873

with human subjects.874

• Depending on the country in which research is conducted, IRB approval (or equiva-875

lent) may be required for any human subjects research. If you obtained IRB approval,876

you should clearly state this in the paper.877

• We recognize that the procedures for this may vary significantly between institutions878

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the879

guidelines for their institution.880

• For initial submissions, do not include any information that would break anonymity881

(if applicable), such as the institution conducting the review.882

16. Declaration of LLM usage883

Question: Does the paper describe the usage of LLMs if it is an important, original, or884

non-standard component of the core methods in this research? Note that if the LLM is used885

only for writing, editing, or formatting purposes and does not impact the core methodology,886

scientific rigor, or originality of the research, declaration is not required.887

Answer: [N/A]888

Justification: LLMs are not used as a component of the DSPG algorithm or any part of the889

core methodology. Any use of LLMs was limited to writing assistance and does not affect890

the scientific content.891

Guidelines:892

• The answer [N/A] means that the core method development in this research does not893

involve LLMs as any important, original, or non-standard components.894

• Please refer to our LLM policy in the NeurIPS handbook for what should or should895

not be described.896
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